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Abstract
We prove that for every Banach space which can be embedded in c0(Γ ) (for instance, reflexive spaces or more generally spaces
with M-basis) there exists an equivalent renorming which enjoys the (weak) Fixed Point Property for non-expansive mappings.
As a consequence, we solve a longtime open question in Metric Fixed Point Theory: Every reflexive Banach can be renormed to
satisfy the Fixed Point Property. Furthermore, this norm can be chosen arbitrarily closed to the original norm.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
A mapping T defined from a metric space (M,d) into (M,d) is said to be non-expansive if d(T x,T y) d(x, y)
for every x, y ∈ M . It is well known that the Contractive Mapping Principle cannot be extended to the case of non-
expansive mappings. However, in 1965, F. Browder [4] proved that every non-expansive mapping T defined from
a closed convex bounded subset C of a uniformly convex Banach space X into C has a fixed point. From then on,
many authors extended Browder’s result to different classes of Banach spaces (see, for instance, [18] for references).
It is usually said that a Banach space X satisfies the Fixed Point Property for non-expansive mappings (FPP) if for
every convex closed bounded subset C of X, every non-expansive mapping T : C → C has a fixed point. The space
is said to satisfy the weak Fixed Point Property (w-FPP) if the same is true for every weakly compact convex set C.
In the last 40 years, many authors have obtained a large number of geometric conditions which imply the FPP and
the w-FPP, but many interesting problems remain open. For instance, it is unknown if every reflexive Banach space
satisfies the FPP. On the other hand, the FPP and w-FPP are not preserved under renorming. Indeed, D.E. Alspach [1]
has shown that L1([0,1]) does not satisfy the w-FPP, but this space can be renormed in such a way that the new norm
has normal structure [6,26,27] and so the w-FPP [16]. Furthermore, it is well known that 1 fails to have the FPP.
However, P.K. Lin [20] has recently proved that 1 can be renormed to satisfy the FPP. Since no characterization is
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The renorming theory for Banach spaces focused on the existence of an equivalent norm which satisfies some given
geometric properties (see, for instance, [5,9,12] for results and references). In this setting, an interesting open problem
is to determine if any Banach space can be renormed to satisfy either the FPP or the w-FPP. In particular, a longtime
open question (see [17, Question VI]) was to determine if every reflexive Banach space can be renormed to satisfy the
FPP. In the separable case, renorming results are easier. In the case of the w-FPP, if X is separable, a positive answer
can be deduced from a result by V. Zizler [27], because he proved that every separable space can be renormed with
a norm which is uniformly convex in every direction (UCED), and this geometric property implies normal structure
and the w-FPP [3,13] (see also [26] for a direct proof of the existence of an equivalent norm with normal structure
in the separable case). When X is nonseparable, such a renorming can be impossible. For instance, M.M. Day et al.
[6] proved that c0(Γ ) has no equivalent UCED norm if Γ is uncountable. S.L. Troyanski and D. Kutzarova [19] have
shown a reflexive Banach space which does not admit any UCED renorming. However, in the nonseparable case,
some interesting results about renormings have been obtained. When X is weakly compactly generated (WCG), it is
possible to endow the space with an equivalent norm satisfying several geometric properties. For instance, D. Amir
and J. Lindenstrauss [2] constructed an equivalent strictly convex norm and S.L. Troyanski [24] an equivalent norm
which is local uniformly convex. These results are based upon the existence of a continuous embedding of the space
into c0(Γ ) (with additional properties in the case of [24]). We recall that c0(Γ ) has the w-FPP, which is easy to deduce
from the corresponding result for c0 [21] and the separability of minimal sets. When the space can be continuously
embedded in c0(Γ ) we prove that it can be renormed in such a way that the new norm satisfies the w-FPP. A simple
modification of our main theorem shows that the new norm can be chosen arbitrarily close to the original norm.
The class of Banach spaces which can be embedded in c0(Γ ) is quite wide (see [9] for details). For instance
subspaces of Banach spaces with a Markushevich basis as WCG spaces, Vas˘ák spaces [25] (and so separable and
reflexive spaces), dual of separable spaces, etc. Thus, our result solves Question VI above mentioned.
2. Main result
Assume that C is a weakly compact convex subset of X and T : C → C is a non-expansive mapping. By using
Zorn’s lemma it is easy to prove that there exists a convex closed subset K of X which is T -invariant and minimal for
these conditions. This set must be separable, because if we choose C0 = {x0} where x0 ∈ K , define inductively Cn to
be the closed convex hull of T (Cn−1) ∪ Cn−1 and C is the closure of ⋃∞n=0 Cn, then C is a weakly compact convex
T -invariant and separable subset of K (see [13, pp. 35–36] for details). If K is not a singleton (i.e. a fixed point),
then by multiplication we can assume that diam(K) = 1. Furthermore, we can easily construct a sequence {xn} in K
formed by approximated fixed points, i.e. limn(T xn − xn) = 0, and, by using weak compactness and a translation, we
can assume that the sequence is weakly null. The following result shows the “bizarre” behaviour of such a sequence:
Lemma 1 (Goebel–Karlovitz’s lemma [11,15]). Let K be a weakly compact convex subset of a Banach space X, and
T : K → K a non-expansive mapping. Assume that K is minimal under these conditions and {xn} is an approximated
fixed point sequence for T . Then, limn→∞ ‖xn − x‖ = diam(K) for every x ∈ K .
The following lemma is implicitly contained in the proof of Theorem 1 in [14], but we will include it for complete-
ness.
Lemma 2. Let K be a weakly compact convex subset of a Banach space X, and T : K → K a non-expansive mapping.
Assume that K is minimal under these conditions, diam(K) = 1 and {xn} is an approximated fixed point sequence for
T which is weakly null. Then, for every ε > 0 and t ∈ [0,1], there exists a subsequence of {xn}, denoted again {xn},
and a sequence {zn} in K such that:
(i) {zn} is weakly convergent to a point z ∈ K .
(ii) ‖zn‖ > 1 − ε for every n ∈N.
(iii) ‖zn − zm‖ t for every n,m ∈N.
(iv) lim supn ‖zn − xn‖ 1 − t .
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deed, otherwise, there exists ε0 > 0 such that we can find wn ∈ K satisfying ‖Twn−wn‖ < 1/n and ‖wn‖ 1−ε0 for
every n ∈ N. Therefore, the sequence {wn} is an approximated fixed point sequence in K satisfying lim supn ‖wn‖
1 − ε0 which is a contradiction according to Goebel–Karlovitz’ lemma because 0 ∈ K .
Let ε > 0 and t ∈ [0,1]. Choose γ < min{1, δ(ε)} and for any n ∈ N define the contraction Sn : K → K by
Sn(x) = (1 − γ )T (x) + γ txn.
The Contractive Mapping Principle assures that there exists a (unique) fixed point zn of Sn. Since K is a weakly
compact set, we can assume, taking a subsequence if necessary, that {zn} satisfies (i). Since ‖zn − T zn‖ < γ < δ(ε)
we know that {zn} satisfies (ii). Condition (iii) is easily obtained and (iv) is a consequence of the inequalities
‖zn − xn‖
∥∥(1 − γ )T zn + γ txn − xn∥∥ (1 − γ )‖T zn − T xn‖ + (1 − γ )‖T xn − xn‖ + γ (1 − t)‖xn‖.
Thus,
‖zn − xn‖ 1 − t + 1 − γ
γ
‖T xn − xn‖.
Taking limsup as n tends to infinity, we obtain (iv). 
Theorem 1. Let X be a Banach space such that for some set Γ there exists a one-to-one linear continuous mapping
J : X → c0(Γ ). Then, there exists an equivalent norm in X such that the new norm satisfies the FPP.
Proof. Assume that ‖ · ‖ is the original norm in X and consider the equivalent norm defined by
|x|2 = ‖x‖2 + ‖Jx‖20
where ‖ · ‖0 is the supremum norm in c0(Γ ). We will prove by contradiction that (X, | · |) satisfies the FPP. Otherwise,
there exists a weakly compact convex and separable set K ⊂ X, which is not a singleton, and a non-expansive mapping
T : K → K such that K is minimal under these conditions. We can assume that diam(K) = 1 and that there exists a
weakly null approximated fixed point sequence {xn} for T . In order to simplify the proof and using the separability
of K , we assume that limn |xn − x|, limn ‖xn − x‖ and limn ‖Jxn − Jx‖0 do exist for every x ∈ K . Since J is weak–
weak continuous, the mapping J is a linear homeomorphism between K and J (K), but it is not, in general, invertible
as a bounded linear operator. So, it can happen that J (xn) → 0 for a sequence {xn} which is bounded from below
in K . A basic fact in this proof is to show that this situation is not possible if {xn} is a weakly null approximated fixed
point sequence for T . To do that, we will prove the following:
Claim 1. Denote a = sup{‖Jx/4‖0: x ∈ K}. Then, for any weakly null approximated fixed point sequence for T in K ,
we have limn ‖Jxn‖0  2a.
Indeed, otherwise choose x ∈ K such that ‖Jx/2‖0 > limn ‖Jxn‖0. Since {Jxn} is weakly null in c0(Γ ), we have
lim
n
∥∥∥∥Jxn − Jx2
∥∥∥∥
0
= max
{
lim
n
‖Jxn‖0,
∥∥∥∥Jx2
∥∥∥∥
0
}
=
∥∥∥∥Jx2
∥∥∥∥
0
and, in the same way,
lim
n
‖Jxn − Jx‖0 = ‖Jx‖0.
From Goebel–Karlovitz’ lemma we have
1 = lim
n
|x − xn|2 = lim‖x − xn‖2 + ‖Jx‖20,
which implies limn ‖x − xn‖2 = 1 − ‖Jx‖20. Hence,
lim
∣∣∣∣xn − x2
∣∣∣∣
2
= lim
n
∥∥∥∥xn − x2
∥∥∥∥
2
+ lim
n
∥∥∥∥Jxn − Jx2
∥∥∥∥
2
0
 lim
n
(‖xn − x‖ + ‖xn‖
2
)2
+
(‖Jx‖0
2
)2
 1
4
[(√
1 − ‖Jx‖20 + 1
)2 + ‖Jx‖20
]
< 1,
which is a contradiction according to Goebel–Karlovitz’ lemma, because x/2 belongs to K .
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ε < min
{
a2
8
, a
(
1 − a −
√
1 + 3
4
a2 − 2a
)
,
1
2
(2 − √3 )a(1 − a)
}
.
In this way we obtain a sequence {zn} satisfying (i) to (iv). Denote z = w− limn zn. Taking a subsequence of {zn} (and
also of {xn}) and using the separability of K we can assume that limn |zn − y|, limn ‖zn − y‖ and limn ‖Jzn − Jy‖0
do exist for every y ∈ K . Since limn ‖Jxn‖0 > 2a and lim supn |xn − zn| a, we have limn ‖Jzn‖0 > a. Moreover
lim
n
|zn − z| lim
n
lim
m
|zn − zm| 1 − a; |z| lim inf
n
|zn − xn| a.
Hence
(1 − ε)2  lim
n
|zn|2  lim
n
(‖zn − z‖ + ‖z‖)2 + max
{
lim
n
‖Jzn − Jz‖20,‖Jz‖20
}
.
We split the proof in two cases:
Case A. Assume that limn ‖Jzn − Jz‖0  ‖Jz‖0. In this case, we have
(1 − ε)2  lim
n
|zn − z|2 + ‖z‖
(
‖z‖ + 2 lim
n
‖zn − z‖
)
.
We still have two possibilities:
Case A1. Assume ‖Jz‖0  a/2. In this setting we have a2  |z|2  ‖z‖2 + (a2/4) which implies ‖z‖2  3a2/4 and
we obtain the contradiction
(1 − ε)2  (1 − a)2 +
√
3
2
a
(√
3
2
a + 2(1 − a)
)
< 1 − a
2
4
< 1 − 2ε.
Case A2. Assume ‖Jz‖0  a/2. In this case we have limn ‖Jzn − Jz‖0  a/2 because limn ‖Jzn‖0 > a. Further-
more,
(1 − a)2  lim
n
|zn − z|2  a
2
4
+ lim
n
‖zn − z‖2
which implies
lim
n
‖zn − z‖2  (1 − a)2 − a
2
4
and we reach the contradiction
(1 − ε)2  (1 − a)2 + a
(
a + 2
√
1 − 2a + 3
4
a2
)
< 1 − 2ε.
Case B. Assume limn ‖Jzn − Jz‖0  ‖Jz‖0. Since ‖Jzn‖0  a, in this case we have ‖Jz‖0  a/2 which implies
‖z‖√3a/2 and the contradiction
(1 − ε)2  |z|2 + lim
n
‖zn − z‖
(
lim
n
‖zn − z‖ + 2‖z‖
)
 a2 + (1 − a)[(1 − a) + √3a]< 1 − 2ε. 
As a consequence of our main theorem, we solve a longtime open question (see [17, Question VI]).
Corollary 1. Let X be a reflexive space. Then, there exists an equivalent norm such that X with the new norm has the
FPP.
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(1) Considering in X the norm given by
|x|2 = ‖x‖2 + λ‖Jx‖20
for λ small enough, the arguments in the proof of the main theorem (with a suitable choice of ε) let us prove that there
exists an equivalent norm with the FPP which is as close as wanted (in the sense of the Banach–Mazur distance) to
the original norm.
(2) It must be noted that the norm which we have defined in the main theorem is different from the strict convex
norm used by D. Amir and J. Lindenstrauss [2] and the locally uniformly convex norm used by S.L. Troyanski [24]
for weakly compactly generated spaces. In fact, our norm does not satisfy, in general, these properties. For instance,
if X is c0 and J is the identity, the norm in the main theorem is just the supremum norm which does not satisfy
any convexity property (and it does not have normal structure either). Moreover, our result can be applied to obtain
equivalent norms with the w-FPP for some Banach spaces, which cannot be renormed to be locally uniformly convex.
For instance, ∞ as dual of a separable space is a (complemented) subspace of a Banach space with M-basis, but it
cannot be renormed with a locally uniformly convex norm. It is also noteworthy that ∞ cannot be renormed to have
the FPP because, as proved in [8], every renorming of ∞ contains an asymptotically isometric copy of the unit basis
of 1.
(3) There exist some Banach spaces which cannot be embedded in c0(Γ ). For instance, ∞(Γ ), for Γ uncountable
or ∞/c0, does not admit an equivalent strictly convex norm [5] which implies, according to the result in [2], that it
cannot be embedded in c0(Γ ). Furthermore, all renormings of these spaces contain isometric copies of ∞ [22,23]. As
a consequence, these spaces cannot be renormed to satisfy the w-FPP. On the other hand, there are some spaces which
cannot be embedded in c0(Γ ) but still have the w-FPP. Indeed, Ciesielski–Pol’s C(K) space cannot be embedded in
c0(Γ ) [10], but it enjoys the w-FPP because the Cantor derived set K(3) = ∅ (see [7, Corollary 3.2]). It would be
interesting to determine the class of all Banach spaces which can be equipped with an equivalent norm so that the
resultant space has the w-FPP.
Acknowledgments
The author would like to thank M.A. Japón, V. Montesinos and P.N. Dowling for helpful discussions on the subject.
References
[1] D.E. Alspach, A fixed point free nonexpansive map, Proc. Amer. Math. Soc. 82 (1981) 423–424.
[2] D. Amir, J. Lindenstrauss, The structure of weakly compact sets in Banach spaces, Ann. of Math. (2) 88 (1968) 35–46.
[3] J.M. Ayerbe, T. Domínguez, G. López, Measures of Noncompactness in Metric Fixed Point Theory, Birkhäuser, Basel, 1997.
[4] F.E. Browder, Nonexpansive nonlinear operators in a Banach space, Proc. Nat. Acad. Sci. USA 54 (1965) 1041–1044.
[5] R. Deville, G. Godefroy, V. Zizler, Smoothness and Renormings in Banach Spaces, Pitman Monographs and Surveys in Pure and Applied
Mathematics, vol. 64, Longman Scientific & Technical, Harlow, UK, 1993.
[6] M.M. Day, R.C. James, S. Swaminathan, Normed linear spaces that are uniformly convex in every direction, Canad. J. Math. 23 (6) (1971)
1051–1059.
[7] T. Domínguez Benavides, M.A. Japón Pineda, Fixed points of nonexpansive mappings in spaces of continuous functions, Proc. Amer. Math.
Soc. 133 (2005) 3037–3046.
[8] P.N. Dowling, C.J. Lennard, B. Turett, Renormings of l1 and c0 and fixed point properties, in: Handbook of Metric Fixed Point Theory,
Kluwer Academic, Dordrecht, 2001, pp. 269–297.
[9] M. Fabian, P. Habala, P. Hájek, V. Montesinos Santalucía, J. Pelant, V. Zizler, Functional Analysis and Infinite-dimensional Geometry, CMS
Books Math./Ouvrages Math. SMC, vol. 8, Springer-Verlag, New York, 2001.
[10] G. Godefroy, J. Pelant, J.H.M. Whitfield, V. Zizler, Banach space properties of Ciesielski–Pol’s C(K) space, Proc. Amer. Math. Soc. 103
(1988) 1087–1093.
[11] K. Goebel, On a fixed point theorem for multivalued nonexpansive mappings, Ann. Univ. Mariae Curie-Sklodowska 29 (1975) 70–72.
[12] G. Godefroy, Renormings of Banach spaces, in: Handbook of the Geometry of Banach Spaces, vol. I, North-Holland, Amsterdam, 2001,
pp. 781–835.
[13] K. Goebel, W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge University Press, 1990.
[14] A. Jiménez Melado, E. Llorens Fuster, Opial modulus and stability of the fixed point property, Nonlinear Anal. 39 (3) (2000) 341–349.
[15] L.A. Karlovitz, On nonexpansive mappings, Proc. Amer. Math. Soc. 55 (1976) 321–325.
[16] W.A. Kirk, A fixed point theorem for mappings which do not increase distances, Amer. Math. Monthly 72 (1965) 1004–1006.
530 T. Domínguez Benavides / J. Math. Anal. Appl. 350 (2009) 525–530[17] W.A. Kirk, Some questions in Metric Fixed Point Theory, in: Proceedings of the International Workshop held at the University of Seville,
Universidad de Sevilla, Seville, 1996.
[18] W.A. Kirk, B. Sims (Eds.), Handbook in Metric Fixed Point Theory, Kluwer Academic, 2001.
[19] D.N. Kutzarova, S.L. Troyanski, Reflexive Banach spaces without equivalent norms which are uniformly convex or uniformly differentiable
in every direction, Studia Math. 72 (1) (1982) 91–95.
[20] P.K. Lin, There is an equivalent norm on l1 that has the fixed point property, Nonlinear Anal. 68 (8) (2008) 2303–2308.
[21] B. Maurey, Points fixes des contractions sur un convexe ferme de L1, Seminaire d’Analyse fonctionnelle, 1980–1981, Ecole Polytechnique.
[22] J.R. Partington, Subspaces of certain Banach sequence spaces, Bull. London Math. Soc. 13 (2) (1981) 163–166.
[23] J.R. Partington, Equivalent norms on spaces of bounded functions, Israel J. Math. 35 (3) (1980) 205–209.
[24] S.L. Troyanski, On locally uniformly convex and differentiable norms in certain non-separable Banach spaces, Studia Math. 32 (1971) 173–
180.
[25] L. Vas˘ák, On one generalization of weakly compactly generated Banach spaces, Studia Math. 70 (1981) 11–19.
[26] D. van Dulst, Equivalent norms and the fixed point property for nonexpansive mappings, J. London Math. Soc. (2) 25 (1) (1982) 139–144.
[27] V. Zizler, On some rotundity and smoothness properties of Banach spaces, Dissertationes Math. (Rozprawy Mat.) 87 (1971).
